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We investigate the impact of operators of higher canonical dimension on the lower Higgs mass
consistency bound by means of generalized Higgs–Yukawa interactions. Analogously to higher-order
operators in the bare Higgs potential in an effective field theory approach, the inclusion of higher-
order Yukawa interactions, e.g., φ3ψ¯ψ, leads to a diminishing of the lower Higgs mass bound and
thus to a shift of the scale of new physics towards larger scales by a few orders of magnitude without
introducing a metastability in the effective Higgs potential. We observe that similar renormalization
group mechanisms near the weak-coupling fixed point are at work in both generalizations of the
microscopic action. Thus, a combination of higher-dimensional operators with generalized Higgs
as well as Yukawa interactions does not lead to an additive shift of the lower mass bound, but
relaxes the consistency bounds found recently only slightly. On the method side, we clarify the
convergence properties of different projection and expansion schemes for the Yukawa potential used
in the functional renormalization group literature so far.
I. INTRODUCTION
The discovery of the Higgs boson at the LHC [1, 2]
was the major success of LHC run I. Nonetheless, the
result of the accurate measurement of the Higgs mass
of 125.09 GeV [3] is puzzling in view of mass bounds
predicted within the standard model [4–19]. Though
the measured value lies close to the lower mass bound,
it seems to slightly violate it. This near criticality has
lead to an ongoing debate about the stability of the elec-
troweak vacuum and the life time of our Universe within
the standard model [20–24] as well as in various models
beyond [25–46].
The usual perturbative treatment of the lower Higgs
mass bound is based on the assumption that the high
energy behavior of particle physics is dominated only by
standard-model degrees of freedom as well as by pertur-
batively renormalizable operators. The latter is well jus-
tified in the case that nature is close to the Gaußian fixed
point during the entire renormalization group (RG) flow.
Hence, the influence of higher-order operators on infrared
(IR) observables is highly suppressed due to power count-
ing arguments and thus far beyond any experimental
tests. In this spirit, the stability of the electroweak vac-
uum is only connected to the sign of the running quartic
Higgs self-coupling [22, 23, 47].
However, even if the impact of higher-dimensional op-
erators is negligibly small in the IR, their presence may
influence the RG running of the relevant and marginal
couplings in the deep ultraviolet (UV). From a Wilso-
nian RG point of view, it is, in fact, natural to expect
that the dimensionless couplings of these operators are
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of order O(1) at the UV scale, below which a description
in terms of the standard model degrees of freedom be-
comes meaningful. Indeed, recent studies based on gen-
eral RG arguments in an effective field theory approach
demonstrate that higher-dimensional operators at some
UV cutoff scale Λ can exert an influence on the Higgs-
mass stability bound.
In these studies, based on the functional RG [48–51]
as well as nonperturbative lattice simulations [52–56],
a lower Higgs mass bound emerges naturally from the
RG flow itself and is primarily connected with a consis-
tency condition on the bare action rather than with the
stability of the effective Higgs potential which is a re-
sulting long-range property. Moreover, it can be shown
that higher-order operators at the standard-model cutoff
scale can have a quantitative impact on the lower Higgs
mass bound as well as the stability properties of the bare
potential. For instance, a positive φ6 operator at the
Planck scale leads to a diminishing of the lower Higgs
mass bound by ∼ 1 GeV introducing neither a metasta-
bility nor an instability during the entire RG flow from
the cutoff scale Λ to the deep IR of the scalar potential
[57]. For cutoff scales below the Planck scale, the effect
on the Higgs mass bounds is even larger. Of course, these
studies do not imply that metastabilities can be excluded.
In fact, a new lower Higgs mass bound in the presence of
higher-order Higgs self-couplings might be defined by the
requirement of absolute stability at all scales. Demand-
ing even lower Higgs masses leads to metastable effective
potentials in which the metastability is seeded in the bare
potential and thus by the underlying theory of the stan-
dard model [58]. For an example of such a scenario, see
[59].
The aim of this work is to investigate the impact of
further higher-dimensional operators by means of a gen-
eralized Yukawa interaction term. This goes beyond the
class of polynomially stable bare potentials (e.g., of φ6-
type) with a unique minimum studied so far. The lat-
ar
X
iv
:1
70
7.
04
39
4v
1 
 [h
ep
-p
h]
  1
4 J
ul 
20
17
2ter facilitate to lower conventional Higgs mass bounds
by a limited amount when requiring stable scalar po-
tentials during the entire RG flow in the weak-coupling
domain. The inclusion of mixed fermion-scalar operators
allows to pursue also another direction. The lower Higgs
mass bound within φ4 bare potentials is mainly domi-
nated by the Yukawa sector, i.e., the large top Yukawa
coupling. Thus, the lower bound can be shifted towards
lighter Higgs masses if the values of the running Yukawa
coupling are smaller during the RG flow. Any mecha-
nism that lowers the value of the bare top Yukawa cou-
pling can also lower the resulting Higgs mass. In the
same way as generalized bare potentials allow smaller
values for the bare quartic coupling in order to lower the
bound, a generalized bare Yukawa potential could lead
to smaller values of the bare Yukawa coupling with still
a phenomenologically correct IR description of the top
mass. Exploring this new mechanism is the goal of this
work.
This paper is organized as follows: in Sec. II we in-
troduce our toy models and present RG flow equations
at an extended mean-field as well as a nonperturbative
level. Section III discusses different projection rules on
the Yukawa functional as they are used in the literature
and clarifies which projection rule leads to the fastest
convergence. In Sec. IV we concentrate on the phe-
nomenological consequences for the lower Higgs mass
bound if we allow for generalized Yukawa interactions
at some UV cutoff scale of the theory. Our main results
are summarized in Sec. V.
II. RG FLOW OF HIGGS-YUKAWA MODELS
All relevant points, which we would like to address in
this work, can be illustrated in the following (gauged)
Higgs–Yukawa toy model. The model consists of a real
scalar field φ and a Dirac fermion ψ. Both fields are
coupled via a simple Yukawa interaction term, φψ¯ψ.
This reduces drastically the complex chiral structure of
the Higgs-fermion sector of the standard model, how-
ever, this reduction is justified by the fact that only
the top quark has a major impact due to the negli-
gible Yukawa couplings of the other fermions. More-
over, we neglect the remaining electroweak sector, i.e.,
the electroweak gauge bosons. As the electroweak sec-
tor is a gauge theory, every observable has to be for-
mulated in a strictly gauge invariant manner. Fortu-
nately, the Fro¨hlich-Morchio-Strocchi mechanism [60, 61]
maps properties of the gauge-invariant composite states
to properties of the elementary fields in the Lagrangian
which has been demonstrated in the standard model by
nonperturbative lattice simulations in the pure gauge-
Higgs sector [62–64] but can be done also for the fermions
[65]. For theories beyond the standard model these type
of mechanisms have recently attracted interest [66–68].
Neglecting the electroweak gauge part, we avoid these
intricate subtleties from the nontrivial gauge-Higgs in-
terplay. The main advantage of this reduction is that we
can concentrate on the considered mechanisms.
However, there is a significant difference between the
RG flow of the Yukawa coupling in a simple Yukawa
model in comparison with the full standard model of par-
ticle physics. The running Yukawa coupling decreases
towards the UV in the standard model due to gauge bo-
son contributions. By contrast, gauge boson fluctuations
are absent in a simple Higgs-Yukawa toy model and the
Yukawa coupling perturbatively runs into a pole for large
RG scales. In order to study possible phenomenological
influences on the Higgs mass bounds via the different
runnings of generalized Yukawa interactions, we also in-
vestigate a toy model in which the top quark is gauged
under the SU(3) symmetry group of the strong inter-
action. In the gauged version, the Yukawa coupling is
asymptotically free.
The Euclidean action of the model reads
Scl =
∫
x
[
1
2
(∂µφˆ)
2 + U(ρˆ) + ψ¯ai /D
ab
ψb +
1
4
(Fµνi )
2
+ iH(ρˆ)φˆψ¯aψa
]
.
(1)
The hat indicates that φˆ is an unrenormalized bare scalar
field. Renormalized quantities, such as the renormalized
scalar field φ, are introduced below. We impose a dis-
crete Z2 symmetry on the scalar potential, ρˆ = φˆ2/2, in
order to mimic the structure of the electroweak symmetry
group in the scalar sector. The symmetry extends to the
full action being invariant under a discrete chiral sym-
metry, φˆ → −φˆ, ψ → eipi2 γ∗ψ, and ψ¯ → ψ¯eipi2 γ∗ . Thus, a
mass term for the fermions is forbidden and has to be gen-
erated through spontaneous symmetry breaking. In or-
der to study the impact of higher-dimensional operators
on the Higgs mass bound, we introduce a generic Yukawa
potential H(ρˆ), defining a separate Yukawa coupling for
every field amplitude φˆ. The fermion is coupled to the
Gluon Gµi via the standard covariant derivative in the
fundamental representation, Dabµ = δ
ab∂µ + ig¯Gi µ T
ab
i ,
Fµνi is the field strength tensor, and g¯ the unrenormal-
ized gauge coupling of the strong force.
A. Nonperturbative RG equations
In order to derive flow equations not only for sepa-
rate couplings but rather for the full Yukawa and scalar
potential, we use the functional RG. This has several ad-
vantages. First, the functional RG yields a closed-form
flow equation for every higher-order operator present in
both potentials, H(ρˆ) and U(ρˆ). More precisely, these
flow equations are given by beta functionals, βH(ρˆ) and
βU (ρˆ), defining a beta function for the potentials at
any field value φˆ. The running of particular (higher-
dimensional) couplings can be extracted as expansion
coefficients with respect to the scalar field from these
closed-form beta functionals. Second, the investigation
3of the full beta functionals allows to keep track of all
relevant scales in the system, i.e., we are not limited to
conventional approximation schemes like µ = φ which
mixes momentum scale information with the field ampli-
tude. Third, the functional RG includes resummations
of certain classes of diagrams, allows for treating strong
coupling regimes, and incorporates threshold effects as
well.
The central object in the mathematical implementa-
tion of the functional RG is the effective average ac-
tion Γk which interpolates between the bare action,
Γk=Λ = S, defining the theory at some microscopic
(high-momentum) UV scale Λ and the effective action,
Γk=0 = Γ, describing the resulting IR physics after all
fluctuations are integrated out. The induced flow in the-
ory space between these two actions is governed by the
Wetterich equation [69],
∂tΓk =
1
2
STr
∂tRk
Γ
(2)
k +Rk
. (2)
The RG scale k is introduced via an IR regulator Rk(p)
acting as an additional mass term for the full propaga-
tor and ensures IR finiteness. Moreover, the regulator
function is chosen such that its derivative ∂tRk, with
∂t = d/(d ln k) is peaked at momentum p
2 ≈ k2 in or-
der to implement the Wilsonian concept of integrating
out quantum fluctuations momentum shell by momen-
tum shell. Furthermore, the numerator in Eq. (2) ensures
that the flow does not suffer from UV divergencies. For
detailed reviews on the functional RG see [70–79].
In order to solve the flow equation (2) for the con-
sidered gauged Higgs–Yukawa model, we have a choice
between two possibilities of how to treat the gauge re-
dundancy of the model. In principle, one can construct
gauge-invariant flow equations which provide a conceptu-
ally clean set up [80–86]. However, in practice it is useful
to work with a gauge-fixed formulation. For the gauge
fixing we adopt the conventional Lorenz gauge ∂µG
µ
i = 0
(or its background-gauge variant). Hence our ansatz for
the gauge-fixed effective average action reads
Γk =
∫
x
[
Zφ
2
(∂µφˆ)
2 + U(ρˆ) + Zψψ¯
ai /D
ab
ψb
+ iH(ρˆ)φˆψ¯aψa +
ZG
4
(Fµνi )
2 +
ZG
2ξ
(∂µG
µ
i )
2
+ Zcc¯i∂µD
µ
ijcj
]
, (3)
where ξ is the gauge-fixing parameter, Dµij the covariant
derivative in the adjoint representation, and ci and c¯i
are the Faddeev–Popov ghosts. Note, that this ansatz
is based on a systematic derivative expansion. This
truncation has proven useful for this class of (gauged or
ungauged) models in various physical contexts, such as
QCD [87–91], solid state and statistical physics [92–96],
supersymmetry [97–101], or Higgs physics [48, 50, 102–
105]. The impact of higher-derivative terms can be es-
timated by comparing leading-order results, i.e., a local
potential approximation Zφ,k = 1 = Zψ,k, with results
including a running wave function renormalization. A
breakdown of this expansion can be indicated by anoma-
lous dimensions, η = −∂t lnZ, growing large.
The nonperturbative flow equations for the scalar po-
tential and the Yukawa potential as well as for the other
quantities can be extracted by plugging the ansatz (3)
into the Wetterich equation (2). It is useful and conve-
nient to introduce renormalized fields, e.g., φ = Z
1/2
φ φˆ, to
fix the usual RG invariance of field rescalings, as well as
to introduce dimensionless renormalized quantities, such
as
ρ˜ = Zφk
2−dρˆ, u(ρ˜) = k−dUk(ρˆ),
g2 = Z−1G k
4−dg¯2, h(ρ˜) = Z−
1
2
φ Z
−1
ψ k
4−d
2 Hk(ρˆ).
(4)
We suppress the explicit dependence on the RG scale k
of the various running quantities for better readability.
The flow of the dimensionless scalar, uk, and Yukawa
potential, hk, for fixed ρ˜ finally reads:
∂t u =− d u+ (d− 2 + ηφ)ρ˜u′ (5)
+ 2vd
[
l
(B)d
0 (u
′ + 2ρ˜u′′; ηφ)− dγNc l(F)d0 (2ρ˜h2; ηψ)
]
,
∂t h =
1
2
(d− 4 + ηφ + 2ηψ)h+ (d− 2 + ηφ)ρ˜h′
+ 2vd
[
2h(h+ 2ρ˜h′)2l(FB)d1,1 (2ρ˜h
2, u′ + 2ρ˜u′′; ηψ, ηφ)
− (3h′ + 2ρ˜h′′)l(B)d1 (u′ + 2ρ˜u′′; ηφ)
− 2g2hN
2
c − 1
2Nc
(d− 1 + ξ) l(FB)d1,1 (2ρ˜h2, 0; ηψ, ηG)
]
.
(6)
The primes denote derivatives with respect to the di-
mensionless renormalized field invariant ρ˜, and v−1d =
2d+1pi
d
2 Γ(d/2). dγ denotes the dimension of the Clif-
ford algebra. Throughout this work, we use dγ = 4 for
all numerical calculations. Irrelevant field-independent
contributions to the scalar potential are ignored. The
threshold functions l
(B/F)d
n and l
(FB)d
1,1 arise from the in-
tegration over the loop momentum and entail the non-
universal regulator dependence. Their general definitions
as well as explicit representations for a convenient regu-
lator choice are listed in the appendix. The nonpertur-
bative running of the wave function renormalizations Zφ
and Zψ can be encoded in the anomalous dimensions of
the scalar and fermion field,
ηφ =
8vd
d
[
κ
(
3u′′(κ) + 2κu′′′(κ)
)2
m
(B)d
2 (µ
2
φ; ηφ)
+ dγNc
(
h(κ) + 2κh′(κ)
)2(
m
(F)d
4 (µ
2
t ; ηψ)
− 2κh2(κ)m(F)d2 (µ2t ; ηψ)
)]
, (7)
ηψ =
8vd
d
[
(h(κ) + 2κh′(κ))2m(FB)d1,2 (µ
2
t , µ
2
φ; ηψ, ηφ)
− N
2
c − 1
2Nc
g2
[
(1− d+ ξ)m(FB)d1,2 (µ2t , 0; ηψ, ηG)
4+ (1− d)(ξ − 1)m˜(FB)d1,1 (µ2t , 0; ηψ, ηG)
]]
, (8)
where the threshold functions can be found in the ap-
pendix again, µ2φ = u
′(κ) + 2κu′′(κ) and µ2t = 2κh(κ)
2,
and κ denotes the flowing minimum of the scalar po-
tential. These flow equations reduce to the set of flow
equations of the simple ungauged Higgs–Yukawa model
by setting g = 0 and Nc = 1.
Flow equations for a field-dependent Yukawa cou-
pling in the ungauged model were already studied in
the context of quark-meson models at finite tempera-
ture [90] as well as in the Higgs context [50] recently.
A reparametrization in terms of a Yukawa function h˜(φ)
corresponding to h˜(φ) = φh(ρ) in our case is also found
in the literature. The advantage of such a parametriza-
tion is that also the flow of general functions h˜(φ) not
necessarily satisfying the symmetry constraints can be
analyzed. This was first derived in [106] within the con-
text of gravitational corrections to Yukawa systems. A
detailed investigation of the phase structure of the model
in d < 4 has been performed in [107].
In the present work, it suffices to treat the gauge sector
on the perturbative level. This approximation is justified
because we are only interested in the properties of the
flow equations far above the QCD scale. Near the elec-
troweak scale threshold effects set in which imply that all
scalar self-interactions and all Yukawa couplings, as well
as the anomalous dimensions of the scalar and fermion
field freeze out before g grows to large values at the typ-
ical IR energy scale of QCD.
The perturbative one-loop beta function for the gauge
coupling is given by
∂t g
2 = g2ηG, ηG = − g
2
8pi2
(11
3
Nc − 2
3
Nf
)
, (9)
where Nf is the number of different quark flavors in the
model. In order to describe a standard-model-like behav-
ior, we choose Nf = 6. Though our truncation contains
the top quark explicitly, we may add additional SU(Nc)-
invariant kinetic terms for the five other standard model
quark flavors, but set their Yukawa couplings to zero.
Thus, we consider the correct running of the pure strong
sector at one-loop order while the flow equations for the
Higgs-top sector are not affected by this modification.
Due to the smallness of the Yukawa couplings of the
other fermions, this is an acceptable approximation for
the pure Higgs-top-QCD sector of the standard model,
as has quantitatively been discussed in [57].
B. (Extended) Mean-field approximation
The system of nonperturbative flow equations for the
scalar (5) and the Yukawa potential (6) is a set of coupled
nonlinear partial differential equations and thus nontriv-
ial to solve. For analytical insights, mean-field as well as
extended mean-field approximations have proven useful
[48, 49]. Moreover, they allow for a good qualitative as
well as quantitative description of the lower Higgs mass
bound and of the stability issue of the scalar potential
beyond polynomial approximations [58].
For the mean-field approximation, we take only pure
fermionic fluctuations into account and keep the wave
function renormalizations fixed, Zi → 1 where the in-
dex i labels the different fields. This approximation cor-
responds to a fermionic one-loop approximation and is
directly related to the fermion determinant. In the lan-
guage of flow equations, we neglect the anomalous dimen-
sions, taking only terms with fermion lines in the loops
into account, and furthermore replace the RG-improved
full propagator at an RG scale k by the propagator of the
UV action Γ
(2)
k → Γ(2)Λ on the right-hand side of the flow
equation. Thus, the flow equations for the dimensionful
potentials read:
∂tUk(ρ) = −2vddγNc kd l(F)d0
(
[2ρH2Λ]/k
2; 0
)
,
∂tHk(ρ) = 0,
where ρ = φ2/2 is the dimensionful Z2 invariant. Both
flow equations decouple in this approximation and can
be integrated straightforwardly. For a convenient choice
of the regulator (Litim regulator), the result is
HMFk (ρ) = HΛ(ρ), (10)
UMFk (ρ) = UΛ −
dγNc(Λ
2 − k2)
32pi2
ρH2Λ
+
dγNc
16pi2
ρ2H4Λ ln
Λ2 + 2ρH2Λ
k2 + 2ρH2Λ
. (11)
If we introduced N copies of the top quark, this approx-
imation would become exact in the large-N limit.
By contrast, the extended mean-field (EMF) approxi-
mation takes 1/N corrections into account and thus in-
cludes bosonic fluctuations on the same Gaußian level.
The scalar potential and the Yukawa potential read in
the EMF approximation:
UEMFk (ρ) = UΛ +
1
64pi2
[
M2φ(Λ
2 − k2)−M4φ ln
Λ2 +M2φ
k2 +M2φ
]
− dγNc
64pi2
[
M2T(Λ
2 − k2)−M4T ln Λ
2 +M2T
k2 +M2T
]
,
(12)
HEMFk (ρ) = HΛ(ρ) +
1
64pi2
HΛ(ρ)
(
HΛ(ρ) + 2ρH
′
Λ(ρ)
)2
M2φ −M2T
×
×
[ (Λ2 − k2)M4φ
(Λ2 +M2φ)(k
2 +M2φ)
− 2M2φ ln
Λ2 +M2φ
k2 +M2φ
− (Λ
2 − k2)M4T
(Λ2 +M2T)(k
2 +M2T)
+ 2M2T ln
Λ2 +M2T
k2 +M2T
]
+
1
64pi2
(
3H ′Λ(ρ) + 2ρH
′′
Λ(ρ)
)×
×
[
(Λ2 − k2) + (Λ
2 − k2)M4φ
(Λ2 +M2φ)(k
2 +M2φ)
− 2M2φ ln
Λ2 +M2φ
k2 +M2φ
]
5− 3 + ξ
24pi2
g2HΛ(ρ)
[ (Λ2 − k2)M2T
(Λ2 +M2T)(k
2 +M2T)
− 2 ln Λ
2 +M2T
k2 +M2T
]
. (13)
Here, we have introduced the abbreviations M2φ =
U ′Λ(ρ)+2ρU
′′
Λ(ρ) and M
2
T = 2ρHΛ(ρ)
2, which are field de-
pendend mass terms for the scalar field and the fermion,
respectively.
III. PROJECTING ONTO THE YUKAWA
FUNCTIONAL
In this section, we discuss a particularity in the extrac-
tion of the nonperturbative flow equation of the Yukawa
potential from the Wetterich equation. In fact, differ-
ent projections have been used in the literature, but a
comprehensive analysis and mutual comparison is miss-
ing so far. This section necessarily is rather technical for
readers who are not familiar with the functional RG and
might be skipped. Once we have settled the issue in this
section, it turns out to play only a minor role for the phe-
nomenological implications of higher-order operators on
the lower Higgs mass bound discussed in the next section.
In order to project onto the Yukawa potential h(ρ˜), we
first project onto the derivative-free fermion bilinear. To
be more precise, we take functional derivatives of the flow
equation with respect to ψ¯ and ψ, then consider vanish-
ing external momenta for these two fields, homogeneous
field configurations for the scalar field, as well as vanish-
ing other fields. Applying this projection rule on both
sides of the Wetterich equation yields a flow equation for
the operator φˆ h(ρˆ), which reads in dimensionless renor-
malized quantities
∂t[φ˜ h(ρ˜)] = φ˜ βh(ρ˜). (14)
The right-hand side of the Wetterich equation in this
model is a function of the homogeneous scalar field which
can be expressed in terms of the field φ˜ times a function
of the field invariant ρ˜ due to the symmetry of the model.
This beta functional βh(ρ˜) is given on the right-hand side
of Eq. (6) for the present truncation (3).
In order to investigate the running of the pure Yukawa
function h, we are able to continue in two different ways.
The obvious projection onto h is given by factoring out
the scalar field and identifing, see, e.g., [50, 87, 90, 106,
107],
∂t h(ρ˜) = βh(ρ˜). (15)
On the other hand, we can project onto the 3-point
function Γ
(3)
φψ¯ψ
by taking an additional derivative with
respect to the scalar field φ, as one would naively do
for a model with a field-independent Yukawa coupling
[48, 102, 108, 109]. Thus, we finally obtain
∂t h(ρ˜) = βh(ρ˜) + 2ρ˜β
′
h(ρ˜)− 2ρ˜ ∂th′(ρ˜). (16)
Obviously Eq. (15) and Eq. (16) coincide as long as
no further approximation on the function h(ρ˜) is main-
tained, as ∂thk = βh solves Eq. (16) self consistently.
This is expected because any projection onto the unique
operator φψ¯ψ should result in a unique flow equation for
the Yukawa potential h.
However, it is nontrivial to solve this nonlinear partial
differential equation coupled to other differential equa-
tions, such as the flow equation for the scalar potential
or the gauge coupling, and the algebraic equations of
the anomalous dimensions. A standard approximation
is to expand the potentials locally in a power series and
to investigate the running of the various coefficients, re-
ducing the system to a set of coupled ordinary differen-
tial equations. Such approximations have proven useful
[50, 72, 78, 90, 91, 107, 110–112] especially if one is in-
terested in local properties of the potentials such as the
Higgs or the top mass being excitations on top of the
electroweak minimum. Of course, global properties can
usually not be resolved by these local approximations in
field space and investigations of the full system seem to
be indispensable to address questions of stability issues
of the potentials, cf. for example [58].
As soon as we use a finite-order approximation for the
Yukawa function, differences in the flow equations (15)
and (16) are possible, depending on the approximations
used. This can be illustrated by the following simple
example. Suppose we expand the Yukawa potential in a
power series,
h(ρ˜) =
Nh∑
n=0
yn
n!
(ρ˜− ρ˜0)n, (17)
where also the expansion point ρ˜0 can be chosen RG-
scale dependent. A convenient choice is the actual scale-
dependent minimum of the scalar potential κ. This can
be either at vanishing field amplitude for the symmet-
ric case or at some nontrivial value in case the system
is in the SSB regime, defined by u′(κ) = 0. Choosing
ρ˜0 = κ, the coefficients of the expansion have a natural
interpretation as couplings between the scalar field and
the fermion. The absolute value y0 corresponds to the
usual field-independent Yukawa coupling y0 φψ¯ψ and the
other couplings correspond to higher-dimensional gener-
alized Yukawa couplings.
The running of the various coefficients of the expanded
Yukawa function can be extracted straightforwardly from
the beta functional βh by appropriate derivatives with
respect to the scalar field. In general, the RG evolution
of these parameters are given by either
∂tyn = ∂th
(n)|ρ=κ + h(n+1)(κ)∂tκ
= β
(n)
h (κ) + yn+1∂tκ (18)
or
∂tyn = β
(n)
h (κ) +
2κ
1 + 2n
(β
(n+1)
h (κ)− ∂th(n+1)|κ)
+ yn+1∂tκ (19)
6∂ty0 :
FIG. 1. Diagrammatic contributions to the running of the
Yukawa coupling y0. Filled squares denote couplings to the
condensate ∼ √2κ, i.e., insertions of the expectation value
of the scalar field. These contribute to the flow in the SSB
regime if the second projection rule Eq. (16) is used.
depending on the projection rule given by Eq. (15) or
Eq. (16), respectively. The superscript (n) indicates the
n-th derivative with respect to ρ˜. It is obvious that both
flow equations coincide in the SYM regime, κ = 0. In the
SSB regime both flow equations agree with each other as
the difference in both projection rules, 2κ(β
(n+1)
h (κ) −
∂th
(n+1)
k |κ), vanishes identically order by order for any
coupling yn as long as the series of the Yukawa function
h is not truncated.
Nevertheless, as soon as any finite-order approxima-
tion for the Yukawa function is considered, the running
of any yn does not capture the full back-reaction of the
entire generalized Yukawa potential. For a moment, let
us consider the simplest possible truncation of the given
local approximation in field space (17), h(ρ˜) = y0. Thus
the right-hand side of the flow equation becomes only a
function of y0 (as well as scalar self couplings, which we
will suppress in the following), βy0(y0) ≡ ∂ty0 = βh(κ).
By contrast, the RG evolution of the Yukawa coupling
y0 will get corrections from higher-dimensional operators
beyond this simple truncation as the beta functional βh
depends on the first and second derivative of h with re-
spect to ρ˜. Thus, the flow equation of y0 will explic-
itly depend on y1 and y2 as soon as the truncation or-
der Nh is increased, βy0(y0, y1, y2). In general, the run-
ning of any Yukawa type coupling will be a function
βyn(y0, · · · , yn, yn+1, yn+2), leading to an infinite tower of
nonlinear coupled ordinary differential equations. Trun-
cating this tower leads to artifacts which have to be stud-
ied carefully in any functional RG investigation.
As already mentioned any finite-order approximation
in addition leads to different runnings of the Yukawa
couplings in the SSB regime given by either Eq. (15) or
Eq. (16). This can be exemplified by the running of the
absolute term y0 for simplicity. Thus, for the current
truncation (Nh = 0) the flow equation for the Yukawa
coupling y0 within the different approximations reads
∂ty0 = βh(κ), or (20)
∂ty0 = βh(κ) + 2κβ
′
h(κ). (21)
In order to illustrate this difference between both pro-
jections in the SSB regime, i.e., the 2κβ′h(κ) term, we give
a diagrammatic interpretation of these flow equations in
Fig. 1. Whereas only the first diagram contributes to the
(a)
(b) →
FIG. 2. (a) Example for an additional contribution, which is
proportional to y1, to the flow of the Yukawa coupling y0, if
higher-order operators of the form ρnφψ¯ψ are taken into ac-
count. (b) Parts of these higher-order couplings were already
considered in the flow equation of y0 in Eq. (19). The trian-
gle diagrams with external expectation-value insertions (filled
squares) in Fig. 1 are now included in the running of the three-
scalar-two-fermion vertex by restricting two of the scalar legs
to couple to the expectation value. A similar translation holds
for the third triangle diagram which has two scalar lines in
the loop in Fig. 1.
flow of the Yukawa coupling y0 corresponding to Eq. (20),
the second and third diagram parametrize the additional
contributions in Eq. (21). These additional contributions
correspond to expectation-value insertions of the scalar
field and effectively encode parts of the neglected higher-
order terms in the expansion (17) as can be seen by the
external legs with filled squares. To be more precise, the
second and third diagram in Fig. 1 provide corrections
to the running of y0 from an effective three-scalar-two-
fermion vertex where two of the external scalar legs are
attached to interactions with the condensate
√
2κ. In
general, these contributions would naturally be included
in the beta functional βh(κ), and thus in the running of
y0, if we included the y1 coupling in our truncation, see
Fig. 2.
Increasing the truncation order to Nh = 1 leads to
a full inclusion of the y1 contribution to the flow equa-
tion of y0 for both projection strategies, ∂ty0 = βh(κ) =
βy0(y0, y1). The former additional and now redundant
contribution 2κβh(κ) in Eq. (21) will be exactly canceled
due to the nonvanishing ∂th
′|κ = β′h(κ) + 2κ3 (β′′h(κ) −
∂th
′′|κ) beyond Nh = 0. Inserting this relation into
Eq. (19) for n = 0 leads to a flow equation for y0 in which
a new contribution arise, given by 43κ
2β′′h(κ) in the cur-
rent truncation. This time, the additional term encodes
parts of the negelcted contribution from the next higher
coupling in the expansion y2. Note, that also the flow
equation of y1 consistently gets a modification from the
five-scalar-two-fermion vertex which reads 2κ3 β
′′
h(κ).
The same consideration holds for any higher-order ap-
proximation of the Yukawa function. Both projection
rules include the full dependence on the various gener-
alized Yukawa couplings up to yNh for every yn≤Nh en-
7coded in β
(n)
h (κ). However, the projection prescription
(16) takes effectively parts of the neglected yNh+1 cou-
pling into account. This can be seen as Eq. (19) can be
written in a form in which the additional term in brackets
is explicitly resolved
∂tyn = β
(n)
h (κ)−
(
Nh−n∏
l=0
−2κ
1 + 2(n+ l)
)
β
(Nh+1)
h (κ)
+ yn+1∂tκ. (22)
Whether this leads to a quantitatively more accurate ap-
proximation depends highly on the given problem and
cannot be answered a priori. For instance note that y0
gets a correction from couplings y3≤n≤Nh due to the sec-
ond term on the right-hand side even if βy0 should ex-
plicitly depend only on y0, y1, and y2. All other contri-
butions from higher-dimensional operators should effec-
tively be incorporated in y1 and y2. As we also work with
polynomial epxansions in the following, we monitor the
differences between the projections.
A. Extended mean-field analysis
After these general considerations on the different pro-
jection schemes for the Yukawa couplings, let us investi-
gate their consequences on the lower Higgs mass bounds
in the present Yukawa models. Therefore, we begin with
the extended mean-field calculation and afterwards turn
to the full flow equations. In order to keep the techni-
cal part of the calculation transparent, we first restrict
the discussion only to the gauge sector induced running
of the Yukawa function in this subsection. This can al-
ready be justified from a phenomenological point of view
by the fact that the gauge boson contributions dominate
the running of the Yukawa sector in the standard model.
To be more precise, we consider only the last line ∼g2
on the right-hand side of the flow equation (6) for the
Yukawa coupling.
As shown in Sec. II B, we are able to integrate the beta
functional for a suitable regulator function by analytical
means, see Eq. (13). The effective Yukawa potential can
be obtained in the limit k → 0, corresponding to inte-
grating out all quantum fluctuations. Thus, the gauge
boson induced effective potential reads,
HEMFeff (ρ) = H
EMF
k=0 (ρ)
= HΛ(ρ)− 3 + ξ
24pi2
g2HΛ(ρ)×
×
[
Λ2
Λ2 +M2T
− 2 ln
(
1 +
Λ2
M2T
)]
. (23)
We would like to emphasize again that this is the unique
result for the full ρ-dependent (gauge-induced) integrated
EMF effective Yukawa function. Since no approximation
in field space has been performed, the result is indepen-
dent of the projection scheme as the additional contribu-
tions in Eq. (16) cancel each other.
Expanding the effective Yukawa potential in a Taylor
series around the vacuum expectation value of the effec-
tive scalar potential, ρ0 = limk→0 k2κ, and extracting the
usual effective Yukawa coupling, i.e., the absolute term
y0,eff , we obtain according to the first projection scheme,
y0,eff = H
EMF
eff (ρ0)
= y0,Λ − 3 + ξ
24pi2
g2y0,Λ
[
1− 2 ln Λ
2
2ρ0 y20,Λ
]
+O
(
ρ0
Λ2
)
.
(24)
Here, we have assumed that the cutoff Λ of the effective
theory is much larger than the other scales in the theory
set by the electroweak vacuum, Λ2  ρ0. Note that y0,eff
does not depend on y1,eff or any higher-order coefficient
within this approximation as they are either suppressed
by a suitable power of Λ or neglected due to the fact
that we only investigate the gauge-induced part. Thus,
we obtain a rather fast convergence with respect toNh for
the gauge-induced effective Yukawa coupling within the
EMF approach for this projection scheme. Nh = 0 cap-
tures already all the relevant contributions. Similar con-
clusions hold also for the neglected radiative corrections
coming from the fermion-scalar interactions in Eq. (6).
Taking these also into account results amongst others in
an additional O(1) term ∼y1,Λ to y0,eff coming from the
contribution H ′Λ(ρ) in Eq. (6). Nonetheless, all yn≥2 con-
tributions are suppressed for any value of Nh.
However, using Eq. (16) and the finite order expansion
(17), we get a correction term according to Eq. (22), en-
coding some of the truncated parts of the series. Within
our easy-to-calculate approximation we can perform the
necessary steps analytically to any order Nh in the trun-
cation. The effective Yukawa coupling reads,
y0,eff = y0,Λ − 3 + ξ
24pi2
g2y0,Λ
[
1− 2 ln Λ
2
2ρ0 y20,Λ
+
4(2Nh)!!
(2Nh + 1)!!
]
+O
(
ρ0
Λ2
)
, (25)
where the last term in the square bracket mimics parts of
the higher-order corrections. First of all, we notice that
this expression converges to Eq. (24) for Nh → ∞ as it
should, because in that limit both projection rules have
to agree. However, the convergence is rather slow as it
behaves as N
−1/2
h for large Nh. Analogous to Eq. (24),
Eq. (25) does not explicitly depend on yn≥1 if we neglect
terms which are suppressed by at least Λ2. Thus, we get
a rather slow convergence of our results by increasing Nh
in contrast to Eq. (24), as the additional contributions
encoding the higher-order operators will overshoot their
actual impact on the gauge-induced running of y0.
Fixing a physical parameter such as the top mass
is technically implemented by a renormalization condi-
tion. We impose this renormalization condition for the
effective Yukawa coupling y0,eff = H
EMF
eff (ρ0), given by
m2t = 2ρ0y
2
0,eff . Thus, the different projection schemes
only lead to a redefinition of the bare Yukawa coupling
8y0,Λ which seems insignificant within the pure Yukawa
sector at first sight. We solve either Eq. (24) or Eq. (25)
with respect to y0,Λ for mt = 173 GeV and ρ0 = 246
2/2
GeV2 using the Landau gauge ξ = 0. For a small cutoff
scale Λ = 1 TeV as well as for small Nh and for gauge
couplings of O(1), we observe a deviation of a few per-
cent between the two schemes. This difference decreases
for larger cutoffs or rather larger Nh, of course.
However, this shift of y0,Λ and thus of the underlying
microscopic theory will have an explicit impact on the
scalar sector. For instance, the lower Higgs mass bound
is mainly dominated by top fluctuations, such that even
small deviations of the bare Yukawa coupling can have a
significant influence on the bound. The lower Higgs mass
bound within quartic bare Higgs potentials is approached
for vanishing quartic couplings, UΛ(ρ) = m
2
Λρ. For this
case, the mean-field approximation for the scalar poten-
tial UMF coincides with the extended mean-field approx-
imation UEMF up to an irrelevant constant shift. There-
fore, an analytic expression for the lower Higgs mass
bound can be worked out [48],
m2H = 2ρ0U
MF
eff
′′
(ρ0)
=
ρ0y
4
0,Λ
2pi2
[
2 ln
Λ2
2ρ0y20,Λ
− 3
]
+O
(
ρ0
Λ2
)
. (26)
As can be seen by this formula for the lower Higgs mass
bound, an increase of y0,Λ by say 5% leads up to 20%
larger Higgs masses. Thus any computation within the
second projection scheme for the Yukawa coupling has
to be treated with care. For large Nh the Higgs masses
converge but there might be noticeable deviations from
this value for small Nh.
B. Nonperturbative flow
The extended mean-field analysis was valuable to get
first insights in the convergence behavior of the trunca-
tion of the flow equations for the present Yukawa mod-
els. The next step is to investigate the impact of the
two different projection schemes on the nonperturba-
tive flow equations with all mutual back reactions be-
tween the bosonic and fermionic degrees of freedom. Of
course, solving the full system of coupled partial differ-
ential equations would be the ideal case. Recently, nu-
merical solvers based on pseudo-spectral methods have
been developed to investigate the properties of global so-
lutions of functional flow equations in various systems
[113–116]. However, our primary interest is the lower
Higgs mass bound resulting from the RG flow. For this,
we only need local information in field space around the
electroweak vacuum. Thus, it suffices to consider a Tay-
lor expansion of the scalar potential about the flowing
electroweak minimum
u(ρ˜) =
Nu∑
n=1
λn
n!
(ρ˜− κ)n. (27)
In the symmetric regime (κ = 0), we identify λ1 with the
dimensionless running mass term. In the SSB regime,
this parameter vanishes as we expand the potential
around the nonvanishing scale-dependent minimum κ.
The quartic Higgs self-coupling is given by λ2. The
other couplings parametrizing the potential correspond
to higher-dimensional scalar self-interactions. Similarly,
we expand the Yukawa potential h in a power series ac-
cording to Eq. (17) with ρ˜0 = κ.
As the lower Higgs mass bound is associated with small
scalar self-couplings, the scalar sector is mostly domi-
nated by top fluctuations in ungauged as well as gauged
Yukawa theories. Fermionic fluctuations drive the sys-
tem toward the SSB regime and can induce chiral sym-
metry breaking. Thus, a typical flow for a weakly in-
teracting bare scalar sector has to start in the symmet-
ric regime with a suitable bare scalar mass term λ1,Λ
in order to achieve a desired scale separation between
the cutoff scale Λ and the Fermi scale v =
√
2ρ0 = 246
GeV. The fermionic fluctuations drive the system into
the SSB regime near the electroweak scale and a vacuum
expectation value for the scalar field builds up. At this
point, we switch from the symmetric (κ = 0) to the SSB
(κ 6= 0) parameterization of the scalar and the Yukawa
potential and investigate the running of the respective
couplings. The nonvanishing vacuum expectation value
induces masses for the top and the Higgs excitation, lead-
ing to a decoupling of modes, and the flow for the poten-
tials freezes out completely.
Due to the freeze-out of the scalar and Yukawa cou-
plings, it is convenient to choose a deep IR scale as
renormalization point. Our parametrization of the po-
tentials allows to extract the phenomenologically relevant
information in a straightforward manner. The renor-
malization conditions for the vacuum expectation value,
the top mass, and the Higgs mass read U ′eff(ρ0) = 0,
m2t = 2ρ0heff(ρ0)
2, and m2H = 2ρ0U
′′
eff(ρ0), respectively.
Here ρ0 denotes the renormalized field value at the min-
imum of the scalar potential. Though we only consider
toy models in the present work, we choose mt = 173GeV
and v = 246GeV to mimic standard model properties.1
The Higgs mass is treated as a free parameter. As a con-
sequence of the RG flow, it is not an arbitrary parameter
but depends on the maximal UV extent Λ of the effective
field theory as well as the precise form of the UV action,
mH = mH[SΛ,Λ].
1 In standard-model phenomenology, it is important to fix the
physical parameters in an appropriate scheme that allows to
make contact with experiment. For instance, the top mass can
differ significantly for different schemes. As the regularization
procedure of the functional RG comes with its own scheme, the
parameter fixing is not straightforward. In [57], it has been
shown that a quantitatively acceptable fixing can be achieved
by matching the functional RG flows to those of conventional
schemes at the TeV scale. As the present toy models do not al-
low for a direct quantitative comparison with the standard model
anyway, we use a straightforward fixing in terms of the parame-
ters of the effective potential for simplicity.
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FIG. 3. Example flows for the Yukawa coupling y0 for different truncations. The left panel depicts the flow in the ungauged
model while the right plot shows the RG running within the gauged Higgs-Yukawa toy model. The blue dashed line and the
black solid curve correspond to a truncation Nh = 0 and Nh = 1 respectively and the flow equations are extracted according
to Eq. (15). The red dotted curve shows the RG flow resulting from Eq. (16) for Nh = 0.
Likewise, it is possible to map the renormalization con-
ditions in the IR on the UV initial parameters of the the-
ory with the aid of the flow equations. In practise, we
fine-tune the bare scalar mass term to match the phe-
nomenological requirement of an IR vacuum expectation
value of 246 GeV. This fine-tuning of an RG relevant
operator corresponds to the hierarchy problem of sepa-
rating the UV cutoff from the electroweak scale. Further,
we vary the bare Yukawa coupling y0,Λ to obtain a top
mass of mt = 173 GeV.
In the gauged model, we have to determine initial con-
ditions also for the flow equation of the strong coupling
constant. In order to solve the flow equation ∂tg
2, we
choose an initial value at the UV cutoff scale Λ such
that we obtain an IR value at the mass scale of the Z
boson of g2(k = mZ) = 4piαs(k = mZ) = 4pi · 0.118.
The simple perturbative flow of the strong coupling con-
stant does not include threshold effects for the top quark
as the other nonperturbative flow equations do. We
parametrize this threshold effect by using Nf = 5 in
Eq. (9) between the Z-boson and top-mass scale instead
of Nf = 6 above the top-mass scale.
The convergence of the polynomial truncations can be
tested by successively increasing the number of couplings
Nu and Nh parameterizing the scalar and Yukawa po-
tential, respectively. For Nu this was investigated in [48]
where truncations larger than Nu = 4 do not lead to
any significant change of the derived Higgs masses. The
same outcome can be confirmed for any fixed order of
Nh. Thus, for the following test of convergence of the
two projection schemes, we fix Nu = 4 and study the
influence of different Nh on the resulting Higgs masses.
In Fig. 3, an example flow of y0 for the gauged as well
as the ungauged Yukawa model is plotted for different
truncations for Λ = 106 GeV and λn≥2 = 0. For the
ungauged model, we consider the nonperturbative flow
equations (5)-(8) provided in Sec. II A for g = 0 and
Nc = 1. The blue dashed line depicts the flow for Nh = 0
for the first projection scheme according to Eq. (15). The
black solid line shows the flow including corrections from
y1 with initial condition y1,Λ = 0. For all larger trun-
cations Nh > 1 (yn≥1,Λ = 0), no deviation from this
black curve is visible by eye. This implies a rather fast
convergence of the resulting IR Higgs masses within the
first projection scheme similar to the extended mean-field
approach. In fact, the difference of the Higgs masses ob-
tained for Nh = 0 and Nh = 1 for the first projection
scheme is 0.8 GeV (< 1% effect) for the ungauged, and
4.0 GeV (≈ 3% effect) for the gauged model. No devia-
tion from the Nh = 1 result can be observed within our
numerical precision for the ungauged model by increas-
ing the truncation order Nh. For the gauged model the
difference is less than 0.3 GeV for Nh = 2 and beyond no
deviation is observed.
The flow of y0 extracted using the second projection
of Eq. (16) for Nh = 0 is plotted as red dotted line
in Fig. 3. Indeed, the additional contribution 2κβ′(κ)
mimics parts of the effect of the higher-order coupling
y1 in the SSB regime qualitatively. For the ungauged
model the Yukawa coupling y0 is slightly smaller during
the flow compared to the previous Nh = 0 case of the
other projection scheme, c.f. blue dashed line. The flow
of the Yukawa coupling is essentially dominated by y0
itself within this model. Thus, it decreases from the UV
towards the IR as ∂ty0 ∼ y30 with some positive scale-
dependent coefficient. The higher-dimensional coupling
y1 contributes with the opposite sign to the running of
y0. Therefore, it relaxes the decrease of y0 only slightly
from a UV to IR perspective as the RG flow generates a
small but positive y1 in the UV if y1,Λ = 0.
Within the second projection scheme, this relaxation
is realized by terms with a sign opposite to that of the
primary quantum fluctuations corresponding to the first
diagram in Fig. 1 and containing the threshold function
l
(FB)
1,1 . These terms are generated as soon as the derivative
with respect to the scalar field invariant hits one of the
arguments of the threshold function
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2κ ∂ρ˜l
(FB)d
1,1 (2ρ˜y
2
0 , u
′ + 2ρ˜u′′)|ρ˜=κ
= −4κy20 l(FB)d2,1 (2κy20 , 2κλ2)
− (6κλ2 + 4κ2λ3) l(FB)d1,2 (2κy20 , 2κλ2). (28)
Their contribution to the flow is slightly stronger than
the inclusion of the y1 coupling within the first projec-
tion scheme leading to a smaller bare Yukawa coupling
y0,Λ as can be seen in the left panel of Fig. 3 and thus
to a smaller Higgs mass in the scalar sector. The devi-
ation from the converged value within the first projec-
tion scheme is 0.7 GeV such that the second projection
scheme gives a reasonable estimate for the higher-order
contributions.
However, the fact that both higher-order approxima-
tions, Nh = 1 for the first and Nh = 0 for the second
projection scheme, lead to almost similar values for the
Higgs mass in the ungauged model is a subtle effect. In
principle, the running of y0 is modified by the y1 cou-
pling during the entire RG flow. The effective encoding
of parts of the higher-order contributions in the second
projection scheme takes place only in the SSB regime.
Within the SYM regime, both projection rules lead to
the same flow equations. Thus, we only expect a small
difference between both as the system is mainly in the
SYM regime during the flow from the UV towards the
Fermi scale.
Nevertheless, the modification of the flow due to the
additional terms contributes indirectly to the full flow as
the decoupling of modes is altered. Within the first pro-
jection scheme, the quantum fluctuations encoded in the
threshold function l
(FB)
1,1 contribute monotonically decre-
sasing to the beta function. They approach zero rapidly
as soon as the flow approaches the decoupling region. As
the dimensionless expectation value κ grows large ∼e−2t,
the flow of y0 decouples as ∂ty0 ∼ κ−3, since the corre-
sponding diagram has three internal lines given by two
massive top quarks and one massive scalar.
The other two contributions within the second pro-
jection scheme given on the right-hand side of Eq. (28)
show a different behavior. As they come with the oppo-
site sign, they can lead to a decrease towards negative
values of the beta function from the UV to IR for the
ungauged model. For small κ, i.e., close to the transi-
tion from the SYM to the SSB regime, they only have
a small impact on the beta function of y0 as they con-
tribute ∼κ. Deep in the IR where κ grows large, their
contribution is also suppressed according to κl
(FB)
2,1 ∼ κ−3
and κl
(FB)
1,2 ∼ κ−3. This can be seen diagrammatically
in Fig. 1 where the second and third diagram contain
additional internal propagators due to the couplings to
the condensate. These two diagrams correspond to the
threshold functions l
(FB)
2,1 and l
(FB)
1,2 , respectively. (Note,
that l
(FB)
n1,n2 ∼ κ−(n1+n2+1) for κ  1.) In the interme-
diate regime where κ ∼ 1 the additional contribution
to the beta function approaches a maximum which over-
whelms the positive contribution from the standard l
(FB)
1,1
term near the region where the threshold effects set in.
This leads to a negative beta function during the decou-
pling. Thus, the integrated running coupling y0 develops
a slight dip near the electroweak scale within the second
projection scheme, visible in Fig. 3.
As the deep IR value of the Yukawa coupling y0 is fixed
by the measured top mass, the modification in the decou-
pling region leads to an altered running for the whole flow
from the UV to the IR even though the flow equations
are the same in the SYM regime. Only slight deviations
between the different projections for Nh = 0 within the
second projection scheme and Nh ≥ 1 for the first projec-
tion scheme occur, because the whole flow is essentially
governed by the Yukawa coupling y0 itself. The small
region in which the decoupling of modes is slightly al-
tered mimics the contributions coming from higher-order
operators in an appropriate manner in this model.
However, the situation is different for gauged Yukawa
models. First of all, the flow of y0 is changed qualitatively
by including the strong force. The term ∼ g2 generated
by the gauge boson contributions in the flow equation for
the Yukawa potential (6) comes with a sign opposite to
the fermion-scalar induced part. Due to the size of the
strong coupling constant, the running Yukawa potential
is mainly built up from this contribution and the Yukawa
coupling y0 is increasing during the flow from the UV
towards the IR as can be seen in the right panel of Fig. 3.
This time, the contribution of y1 relaxes the increase of
y0 as the gluon dominated RG flow generates a small but
negative value for this higher-dimensional coupling which
explains the fact that the black solid curve lies slightly
above the blue dashed curve for the gauged model.
The effective inclusion of higher-order couplings in the
second projection rule exceeds their actual impact in the
SSB regime. This can be traced back to the modified
decoupling of modes. The strong coupling constant is al-
ready of order one close to the Fermi scale and drives the
running Yukawa couplings. This leads to a much stronger
modification of the decoupling turning the beta function
to positive values. This causes the bulge in Fig. 3 (right
panel) which is more distinct than the dip within the
ungauged model (left panel).
This is in agreement with the extended mean-field
analysis: the RG flow originating from the second pro-
jection scheme can overrate the impact of the neglected
higher-order Yukawa couplings which leads to larger
Higgs masses in the gauged model.
C. Convergence properties
Let us finally investigate the convergence properties
within this projection scheme by increasing Nh. We per-
form this analysis first for the pure gauge induced run-
ning of the Yukawa sector, similar to the previous sub-
section. In the left panel of Fig. 4 the running of y0
11
0.1 10 1000 105
0.50
0.55
0.60
0.65
0.70
k[GeV]
y
0
,k
0.1 10 1000 105
0.50
0.55
0.60
0.65
0.70
k[GeV]
y
0
,k
0.1 10 1000 105
0.65
0.70
0.75
0.80
k[GeV]
y
0
,k
FIG. 4. Running of the Yukawa coupling y0 for different truncation orders. The black solid lines depict the converged values
within the first projection scheme. The red dotted lines show different orders Nh of the second projection scheme, see main
text. The left panel shows the purely gauge-induced running Yukawa coupling. The middle and right panel show the flow of
y0 including also the scalar and fermionic interplay for the gauged and ungauged model.
is depicted again for different truncation orders for the
gauged model with Λ = 106 GeV. The black solid curve
shows the converged behavior within the first projection
scheme. The red dotted curves show the flow given by
the second projection scheme for Nh = 0, 2, 5, 15, 30, 45
from top to bottom. Indeed, we find a slow convergence
towards the black solid line which can be seen by a de-
pleting bulge which shifts to smaller scales. This conver-
gence behavior for this particular approximation is in line
with the extended mean-field analysis which suggests an
N
−1/2
h behavior.
However, this slow convergence of the second projec-
tion rule is even spoiled as soon as we include also the
fermion-scalar contribution to the flow. The middle and
right panel show the convergence properties of the non-
perturbative flow within our chosen truncation for the
gauged and ungauged Yukawa model, respectively. The
red dotted curves are computed in the second projection
for Nh = 0, 1, 2, 3, 6, 9, 12, 15, 18 from top to bottom
for the gauged model. At first, we observe a convergence
towards the result of the first projection scheme by in-
creasing Nh which is again depicted as black solid line.
We observe that the solutions of the differential equa-
tions drop below the converged result of the first pro-
jection rule for Nh ≥ 10 and depart from the converged
solution.
This unexpected behavior is driven by the mutual in-
terplay of the scalar and fermion fluctuations within the
flow equation of the Yukawa coupling. Setting the ar-
gument coming from the scalar to zero in the thresh-
old function on the right-hand side of the beta func-
tional (6), i.e., replacing l
(FB)d
1,1 (2ρ˜h
2, u′ + 2ρ˜u′′; ηψ, ηφ)
by l
(FB)d
1,1 (2ρ˜h
2, 0; ηψ, ηφ), leads to a convergence behavior
similar to the one observed for the pure gauge induced
part, see left panel in Fig. 4. By contrast, the scalar
threshold effects and the extra terms coming from the
second projection scheme spoil the convergence. There
are two reasons for this: First of all, the decoupling
regime is altered also in the gauged model within the
second projection scheme which changes as Nh is varied,
see Eq. (22). We get a second modification due to the
different running of the pure scalar sector in addition. As
soon as the Yukawa coupling gets smaller during the flow,
also the Higgs mass becomes smaller. Thus, the freeze
out from the scalars sets in later while the top mass is
fixed. Therefore, the scalar dominated fluctuations con-
tribute for a longer RG time during the decoupling. The
combination of these two effects, the increasing complex
structure of the modified decoupling for large Nh as well
as the smaller values of λ2 during the decoupling, lead
to a peak in the beta function in the SSB regime which
causes the steep ascent in the running of y0 towards the
decoupling regime, see Fig. 4 middle panel.
The same conclusions can be drawn for the ungauged
model. For small Nh the running of the Yukawa coupling
stays close to the converged values for the first projec-
tion rule. The red dotted lines depict the solutions for
Nh = 0, 1, 2, 3, 6, 9, 12, 15 from top to bottom in the
right panel of Fig. 4. Due to the smaller Yukawa cou-
plings and thus smaller scalar quartic self-interactions,
the solutions also depart from the converged value of the
first projection scheme. They do not show any conver-
gence within the second projection scheme for Nh & 10
driven by the modified decoupling.
In summary, we conclude that the flow equations for
the Yukawa couplings yn extracted from the first projec-
tion scheme should be preferred for the analysis of Higgs
mass bounds in polynomial expansions. Even if the sec-
ond scheme includes some parts of the truncated higher-
order contributions, it shows worse convergence than the
first projection rule. In the worst case, convergence can
even get lost in polynomial expansions because of the
nontrivial interplay between the Higgs and Yukawa sec-
tor. Moreover, the additional contributions can exceed
their actual impact as can be seen for small Nh for the
gauged model for instance.
Our analysis finally resolves a puzzle observed in the
literature: within polynomial expansions using the sec-
ond projection rule, non-trivial fixed-point solutions of
the RG flow have been found in the simple Yukawa model
[108] as well as a Higgs-top-bottom chiral Yukawa model
[49], which could serve as an indication that such models
allow for a nontrivial UV completion. Though these fixed
points occurred either in unphysical parameter regions
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or beyond the valididy range of the approximations, the
structure of the Yukawa flows in the SSB regime appeared
to provide evidence for the existence of a new fixed-point
generating mechanism by means of quasi-conformal con-
densates. By contrast, fixed-point searches in the simple
Yukawa model using numerical shooting techniques go-
ing beyond the polynomial expansion did not find any
indication for such fixed points [107]. From our analy-
sis, we now observe that the second projection scheme
together with the polynomial expansion indeed feature
such fixed points, whereas these solutions do not exist
in the case of the first projection scheme. Since the first
projection scheme exhibits a much better convergence be-
havior and is structurally more stable, we conclude that
the fixed-point solutions observed in the literature for
these systems are an artifact of the second projection
scheme, leaving the trivial Gaußian fixed point as the
only physical acceptable fixed-point solution. We empha-
size that our observations do not exclude the possibilty
of UV fixed-points generated from quasi-conformal con-
densates in general. However, this mechanism appears
not to be active in the models studied so far.
IV. IMPACT OF GENERALIZED YUKAWA
COUPLINGS ON LOWER HIGGS MASS
BOUNDS
In order to extract the mass of the Higgs from the RG
flows of the scalar potential, we investigate the curva-
ture of the Higgs effective potential at the electroweak
minimum in the deep IR as in the previous section. We
pay particular attention to the influence of generalized
Higgs-Yukawa interactions. The corresponding RG flow
equations are provided in Sec. II.
For our purpose, it suffices to study the flow of the
coefficients in a polynomial approximation for the scalar
potential Eq. (27) and the Yukawa potential Eq. (17). We
use a vanishing field amplitude κ = 0 in the SYM regime
and a nonvanishing minimum κ of the scalar potential
in the SSB regime, u′(κ) = 0. Inserting Eq. (27) and
Eq. (17) into the Eqs. (5)-(8), we can extract the running
of the various coefficients. We use the flow equations for
the Yukawa couplings obtained from the first projection
scheme in Sec. III leading to a fast convergence of our
results. We tested carefully that Nu = 4 and Nh = 2
is an optimal choice in terms of accuracy, precision, and
computing time for the present models to investigate the
mass spectrum.
Of course, the accuracy applies to the study of par-
ticle masses, i.e., the local properties of the potentials
at the electroweak minimum. As aforementioned, these
local approximations of the potentials are not sufficient
to investigate global properties due to the limited ra-
dius of convergence [48]. Thus, the issue of vacuum
metastability, in which a second minimum for the po-
tential shows up, is not fully accessible within this ap-
proximation. Still, the polynomial flow is able to provide
indications whether a second minimum may be generated
[58].
For instance, in all cases studied so far where the poly-
nomial flow is stable for all k, also the full potential flow
does not exhibit a second minimum. In case the polyno-
mial flow develops a second minimum besides the Fermi
minimum at some RG scale, also the full potential flow
acquires a second minimum which survives the RG flow
rendering the effective Higgs potential metastable [58].
In the following, we use this circumstantial evidence to
classify the stability properties of the model using the
polynomial flows.
Assuming that the RG flow is only dominated by per-
turbatively renormalizable operators, the stability issue
is related to the fact that the quartic Higgs self-coupling
vanishes at the high momentum cutoff scale of the the-
ory λ2,Λ = 0. The consistency condition to have a well
defined partition function, i.e., a scalar potential which
is bounded from below, defines the lower mass bound
within quartic bare potentials, λ2,Λ ≥ 0. Increasing the
bare quartic coupling results in larger Higgs masses. By
contrast, violating the consistency condition would in
principle lead to a smaller Higgs mass but at the same
time an ill-defined quantum field theory.
Beyond the class of bare φ4 potentials, the regularized
field theory might be stabilized by higher-dimensional
perturbatively nonrenormalizable operators such that the
scalar potential exhibits only one minimum even if the
quartic coupling is negative [48, 49, 57, 117–119]. Al-
ready the simplest possible extension of the bare poten-
tial by a λ3,Λφ
6 term can fulfill the requirements. Gener-
ically, the presence of the additional RG irrelevant op-
erator modifies the running of the quartic coupling only
slightly. Thus, λ2 still drops below zero at approximately
the same UV scale as in the φ4 case. But the form of the
UV potential can be modified by a positive bare λ3 cou-
pling such that the potential is still stable even if this
irrelevant coupling dies out during the RG flow. Assum-
ing that the dimensionless higher-order coupling λ3 is of
order one at the standard model cutoff scale, the lower
consistency mass bound for the Higgs can be shifted by
1-2 orders of magnitude towards larger cutoff scales, i.e.,
mH(Λ)→ mH(Λ′), where Λ′ ' O(10 . . . 100)× Λ. A fur-
ther increase of the cutoff scale, i.e., diminishing of the
lower Higgs mass bound, seems not possible with this
simple modification of the bare action without generat-
ing a metastable potential [58].
Let us now study the influence of a generalized bare
Yukawa sector of the theory, as the Yukawa coupling is
the dominant quantity regarding the lower Higgs mass
bound. The convergence tests of the preceding section
used y1,Λ = y2,Λ = · · · = 0 as initial conditions.
The situation becomes more interesting if we already
allow for a generalized Yukawa potential in the bare ac-
tion hΛ(ρ˜) and investigate its influence on the conven-
tional lower Higgs mass bound obtained for hΛ(ρ˜) = y0,Λ,
and λ2,Λ = λ3,Λ = · · · = 0. Indeed, we find Higgs masses
below the lower bound by the rather mild modification of
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choosing y1,Λ > 0. The size of this shift is roughly of the
same order of magnitude as already observed by allowing
for generalized scalar bare potentials uΛ [48, 49, 58, 120].
This confirms our expectation that a modification of the
running of the Yukawa sector h, which builds up the lower
Higgs mass bound, could lead to such a reduction. Com-
paring the resulting flows of y0 for y1,Λ = 0 and y1,Λ > 0
shows an insignificant shift for the values of y0(k) such
that this mechanism is not able to explain the observed
shift in the Higgs mass.
The modification of the bare Yukawa functional also
influences the flow of the scalar potential in a direct man-
ner. This effect can already be investigated on the mean-
field level. For this, we slightly rewrite the mean-field
effective scalar potential,
UMF(ρ) = UΛ(ρ)−
[
HΛ(0)
]2
NcΛ
2ρ
8pi2
+
Nc
8pi2
[
− [HΛ(ρ)−HΛ(0)]2Λ2ρ
+ 2
[
HΛ(ρ)
]4
ρ2 ln
(
1 +
Λ2[
HΛ(ρ)
]2
ρ
)]
,
where we have separated the interaction part of the
Fermion determinant in the second and third line. This is
a positive monotonically increasing function for HΛ(ρ) =
y0,Λ. Thus, no metastability can be induced for vanishing
generalized Yukawa interactions at the cutoff scale if the
bare scalar potential is of quartic type [49]. Obviously,
this function can lose its positivity property if we allow
for generalized Yukawa interactions beyond HΛ = y0,Λ,
depending on the precise shape of the in principle arbi-
trary HΛ(ρ). Hence, generalized bare Yukawa potentials
can affect the scalar potential in two ways. First, smaller
Higgs masses than the conventional lower bound can be
obtained. In addition, it is also possible that the fermion
interaction can induce a metastability even in the class
of φ4 bare potentials depending on how the positivity
property is circumvented.
Also, this fact can be seen from the flow equation of λ2.
While the usual Yukawa coupling contributes according
to −y40 and thus leads to an increase of the quartic cou-
pling towards the IR, an additional contribution coming
from y1 contributes according to +y1y0. Thus a suffi-
ciently large value for y1,Λ can lead to a decrease of λ2
near the cutoff scale. Starting with a vanishing interact-
ing scalar bare potential (λ2,Λ = λ3,Λ = · · · = 0), λ2 runs
to negative values while λ3 becomes positive (and simi-
lar for the higher-order scalar couplings) driven by y1. In
the course of the flow, y1 quickly becomes small as ex-
pected from power counting in the vicinity of the Gaußian
fixed-point. Then, the flow equations become dominated
by the pure Yukawa interaction term ∼ −y2n0 . Roughly
speaking, we flow into the class of generalized bare po-
tentials with λ2,Λ < 0 and λ3,Λ > 0 after a short RG
time. In complete analogy to the generalized bare poten-
tials with λ2,Λ < 0 and stabilized by λ3,Λ, a metastability
occurs during the RG flow if y1,Λ exceeds a critical value,
driving λ2 towards too small values.
Following the same strategy as in the case of general-
ized bare potentials, we trust the polynomial expansion
as long as no second minimum deeper than the minimum
at the electroweak scale emerges during the RG flow [58].
Fixing λ2,Λ = λ3,Λ = · · · = 0 and increasing y1,Λ until
a potential second minimum becomes the global one, we
obtain Higgs masses which we already covered in the class
of generalized bare potentials. The naive expectation,
that a combination of both mechanisms (generalized UΛ
and HΛ) could lead to a further decrease of the lower
Higgs mass bound, is investigated in the following.
The basic idea is, that the vanishing of λ3 can be
delayed for a small RG time by choosing, for instance,
λ3Λ = 3 in addition to y1,Λ > 0. Hence, lower values
for λ2 during the flow are accessible and the Higgs mass
decreases. However, this further diminishing is rather
small, because the running of the higher-order couplings
is strongly affected by their infrared attractive pseudo-
fixed points which cannot be circumvented by this strat-
egy. In order to illustrate this fact, we depict the lowest
accessible Higgs masses from the different generalizations
of the bare action in Fig. 5 for the ungauged (left panel)
as well as the gauged model (right panel). We com-
pare the Higgs masses obtained for three different sce-
narios: (A) for the conventional lower Higgs mass bound
(λ2,Λ = λ3,Λ = · · · = 0 and y1,Λ = y2,Λ = · · · = 0),
(B) for the lower bound obtained from the class of φ6
bare potentials with the requirement of stable scalar po-
tentials during the entire RG flow, and (C) a similar
lower bound but for the parameters λ2,Λ = 0, λ3,Λ = 3,
and the value of y1,Λ put to the transition where the
scalar effective potential becomes metastable. We em-
phasize again, that the present toy models should not be
used for a direct quantitative comparison with standard-
model parameters, such as the mass of the Higgs boson
of mH = 125 GeV. This is mainly because of a different
particle content, but also due to differences in the reg-
ularization scheme. Nevertheless, we expect that these
differences partly cancel if relative quantities are stud-
ied, such as the relative change of the lower Higgs mass
bound. For the gauged model, the relative shift of the
Higgs mass bound is at least 0.9 GeV at the Planck scale
for both described scenarios and increases for smaller cut-
off values.
In addition, we have tested combinations including
nonvanishing bare parameters for λ2,Λ, λ3,Λ, λ4,Λ, y1,Λ,
and y2,Λ for selected cutoff values. No significant di-
minishing compared to previous investigations has been
found, as expected from power-counting. Thus, general-
ized Yukawa interactions can indeed influence the run-
ning of the scalar sector such that the Higgs mass consis-
tency bound can be diminished but their impact is of the
same level as a modification of the bare Higgs potential.
As the system in d = 4 is dominated by the Gaußian fixed
point, probably any polynomial interaction term which
could lead to a lowering of this bound will only shift by
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FIG. 5. Higgs mass versus cutoff. The black curve denotes the conventional lower Higgs mass bound obtained from a theory
which only include perturbatively renormalizable operators at the UV cutoff scale. The red curve gives a lower bound in the
class of generalized scalar bare potentials of φ6 type with the requirement that no metastability occurs during the RG flow.
The Higgs masses given by the blue dashed line are obtained from a further generalization to Yukawa potentials of the form
y0,Λ + y1,Λρ˜. Left panel: ungauged model. Right panel: gauged model. The relative shift of the Higgs mass bound is 0.9 GeV
at the Planck scale for the gauged model.
the same amount of scales – at least as long as it has or
generates sufficient overlap with dimension 6 operators.
From our studies, we expect that various combinations
of these effects will not lead to any further significant
change of the consistency bound, as long as the flow is
initiated in the region dominated by the Gaußian fixed
point.
Recently, another interesting mechanism was proposed
to lower the Higgs mass consistency bound. In [50],
higher-order operators were imposed to drive the slope
of the quartic coupling to zero in addition to a vanishing
λ2 at the UV cutoff Λ, rather than to stabilize the po-
tential with a negative λ2 at Λ. Such a scenario can be
built on generalized bare Yukawa couplings, for instance,
by the requirement that h1,Λ = h
3
0,Λ and vanishing other
higher-order couplings. Then, the flow equations can be
integrated upwards avoiding a negative λ2. As long as
a few terms of a polynomial truncation of the scalar po-
tential are considered, the flow seems to be stable. This
leads to an effective higher cutoff Λ′ = Λ and thus to a
diminishing of the lower bound.
Though the scenario is attractive and appears to be
viable, we have not been able to construct a robust ex-
ample. Within polynomial expansions, this is because
truncated polynomial potentials unfortunately lose their
reliability after a few scales for two reasons. First of all,
the neglected higher-order operators grow large such that
it becomes questionable whether a finite-order approxi-
mation can reliably track the relevant structure of the
scalar potential. This calls at least for suitable resumma-
tions in this region. Second, within our analyses, nontriv-
ial minima generically show up during the flow rendering
the potential metastable. Previous studies indicate that
these metastabilities survive the RG running of the full
potential, even if they seem absent in the (k → 0) ef-
fective potential in a polynomial Taylor series [58]. In
summary, we observe that a further significant diminish-
ing of the consistency bound is not possible, as long as
the flow is close to the Gaußian fixed point, and thus in
a weakly coupled controllable region beyond the class of
perturbatively renormalizable operators.
V. CONCLUSION
In this work, we have investigated the impact of a gen-
eralized Yukawa function H(ρ) rather than a simple cou-
pling on the lower Higgs mass consistency bound from a
functional RG perspective.
As a technical though important step in practice, we
have first analyzed different projection schemes on the
higher-order Yukawa couplings that have been used in
the literature. While both projections lead to the same
flow equation for the Yukawa potential, we observe differ-
ences regarding the convergence properties as soon as the
systems are truncated to finitely many couplings. The
flow equations extracted from the projection rule given
by Eq. (15) show fast convergence properties for the ap-
plication discussed in this work. By contrast, the flow
equations based on the second projection rule Eq. (16)
lead to a slower convergence or even a loss of conver-
gence for local expansions. This is unexpected as the
second projection scheme includes part of the truncated
information of the neglected higher-order couplings. It
turns out that these additional contributions can overes-
timate their true impact resulting in a non-appropriate
decoupling of the massive modes, spoiling convergence of
local expansions.
Based on the fast converging projection, we have
then investigated the impact of higher-dimensional bare
Yukawa couplings on the lower Higgs mass bound.
Choosing a nonvanishing value for the bare coupling of
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the dimension-six operator y1,Λ, it is possible to lower
the conventional mass bound by about a similar amount
as was found earlier upon the inclusion of a ∼ λ3,Λφ6
operator [48, 49, 57, 58, 120]. This is another example
for the fact that the consistency bound linking a consis-
tent quantum field theory defined with a cutoff relaxes
the conventional lower mass bound.
The inclusion of both dimension-six operators in the
bare action relaxes the bound even further, though the
combined effect is small compared to the relaxation of
the bound by each single dimension-six operator. The
fact that the shift of the bound is non-additive in both
operators is a consequence of the power-counting RG
flow in the weak-coupling region, inducing a simultane-
ous power-law depletion of higher-dimensional operators.
We emphasize that the result of an initially strongly cou-
pled bare action on the consistency bounds still remains
an interesting open problem both for the sector of the
generalized Yukawa couplings as well as for the purely
scalar sector.
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Appendix A: Threshold functions
The threshold functions appearing in the flow equa-
tions depend on the chosen IR regulator which
parametrizes the details of the momentum-shell integra-
tion. Using the abbreviations
PB(q) = q
2(1 + rB,k(q)), PF(q) = q
2(1 + rF,k(q))
2,
with rB,k and rF,k the regulator shape functions for the
bosonic and fermionic degrees of freedom respectively, as
well as
∂˜t =
∑
i=F,B
∫
q
∂t(Zi,k rk,i(q))
Zi,k
δ
δrk,i(q)
,
the threshold functions are defined as
l(B)dn [ω; ηB] =
n+ δn,0
4vd
k2n−d
∫
q
[
∂tRB,k(q)
ZB,k
(PB(q) + ωk
2)−(n+1)
]
,
l(F)dn [ω; ηF] =
n+ δn,0
2vd
k2n−d
∫
q
[
PF(q) ∂t(ZF,k rF,k(q))
ZF,k(1 + rF,k)
(PF(q) + ωk
2)−(n+1)
]
,
l(FB)dn1,n2 [ω1, ω2; ηF, ηB] = −
1
4vd
k2(n1+n2)−d
∫
q
∂˜t
[
1
(PF(q) + k2ω1)n1(PB(q) + k2ω2)n2
]
,
m
(F)d
4 [ω; ηF] = −
1
4vd
k4−d
∫
q
q4∂˜t
[
∂
∂q2
1 + rF,k(q)
PF(q) + k2ω
]2
,
m
(F)d
2 [ω; ηF] = −
1
4vd
k6−d
∫
q
q2∂˜t

(
∂
∂q2PF(q)
)
PF(q) + k2ω
2 ,
m
(B)d
2 [ω; ηB] = −
1
4vd
k2(n1+n2−1)−d
∫
q
q2∂˜t

(
∂
∂q2PB(q)
)
PB(q) + k2ω
2 ,
m(FB)dn1,n2 [ω1, ω2; ηF, ηB] = −
1
4vd
k2(n1+n2−1)−d
∫
q
q2∂˜t
 1 + rF,k(q)
(PF(q) + k2ω1)n1
(
∂
∂q2PB(q)
)
(PB(q) + k2ω2)n2
 ,
m˜(FB)dn1,n2 [ω1, ω2; ηF, ηB] = −
1
4vd
k2(n1+n2)−d
∫
q
∂˜t
[
1 + rF,k(q)
(PF(q) + k2ω1)n1
1
(PB(q) + k2ω2)n2
]
.
Throughout our analysis we use the Litim regulator
which is optimized for the derivative expansion [121]:
rB,k(q) =
(
k2
q2
− 1
)
Θ(k2 − p2).
The fermion shape function is chosen such that (1 +
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rF,k(q))
2 = (1 + rB,k(q)). The momentum integral of the threshold functions can be solved analytically for the
Litim regulator. They read
l(B)dn [ω; ηB] =
2(n+ δn,0)
d
(
1− ηB,k
d+ 2
)
1
(1 + ω)n+1
,
l(F)dn [ω; ηF] =
2(n+ δn,0)
d
(
1− ηF,k
d+ 1
)
1
(1 + ω)n+1
,
l(FB)dn1,n2 [ω1, ω2; ηF, ηB] =
2
d
1
(1 + ω1)n1(1 + ω2)n2
[
n1
1 + ω1
(
1− ηF,k
d+ 1
)
+
n2
1 + ω2
(
1− ηB,k
d+ 2
)]
,
m
(F)d
4 [ω; ηF] =
1
(1 + ω)4
+
1− ηF,k
d− 2
1
(1 + ω)3
−
(
1− ηF,k
2d− 4 +
1
4
)
1
(1 + ω)2
,
m
(F)d
2 [ω; ηF] =
1
(1 + ω)4
,
m
(B)d
2 [ω; ηB] =
1
(1 + ω1)4
,
m(FB)dn1,n2 [ω1, ω2; ηF, ηB] =
(
1− ηB,k
d+ 1
)
1
(1 + ω1)n1(1 + ω2)n2
,
m˜(FB)dn1,n2 [ω1, ω2; ηF, ηB] =
2n2
(d− 1)
(
1− ηB,k
d+ 1
)
1
(1 + ω1)n1(1 + ω2)n2+1
,
− 1 + ω1 − 2n1
d− 1
(
1− ηF,k
d
) 1
(1 + ω1)n1+1(1 + ω2)n2
.
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